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Abstract 
The meaningful learning of basic number combinations typically progresses through three 
overlapping phases: counting, deliberate reasoning, and retrieval. The aim of conducting the 
present study was to evaluate the 3-seconds response time (RT) criterion used for defining 
achievement of retrieval of basic addition and subtraction combinations. The rationale for the 
study was that, theoretically, an ideal criterion for retrieval should exclude all instances of 
counting or deliberate reasoning.  Although statistical tests were not possible, qualitative 
analyses revealed that the 3-second criterion did exclude all responses scored as counting but not 
all cases scored as overt reasoning. That is, the 3-seconds criterion included responses scored as 
overt reasoning and so may have over-estimated retrieval. Empirical analysis also suggested that 
different RT cut-offs might be more suitable to identify retrieval of basic addition and 
subtraction combinations. 
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Chapter 1: Introduction to the Study 
Learning the basic number combinations has long been a central goal of mathematics 
curriculum and instruction. Researchers agree that achieving efficient retrieval of basic number 
combinations in the primary grade is essential for mastering more advanced and everyday 
mathematics skills (Common Core State Standards [CCSS], 2011; Kilpatrick, Swafford, & 
Findell, 2001; National Council of Teachers of Mathematics [NCTM], 1989, 2000, 2006; National 
Mathematics Advisory Panel [NMAP], 2008). Retrieval of basic combinations frees up working 
memory and facilitates higher-order skills such as multi-digit mental arithmetic and problem 
solving (National Research Council [NRC], 2001; Gersten & Chard, 1999). Indeed, mental 
addition and subtraction is a predictor of future mathematical achievement (Jordan, Kaplan, 
Locuniak, & Ramineni, 2007). 
In the last decade, meaningful memorization of basic combinations has received much 
attention in the light of national goal for achieving mathematical proficiency (NRC, 2001). Being 
fluent entails the ability to find the sums and differences of basic number combinations 
efficiently, appropriately and adaptively (Baroody & Rosu, 2006; NMAP, 2008). Efficient 
application in turn, implies the ability to generate the answer accurately and quickly.  
Although words such as quick and fast are almost always used synonymously with basic 
fact fluency, what exactly counts as fast is often unclear. Response time (the time from when a 
stimulus is presented to when a child gives an answer) is used to specify how quickly a child 
responds and, thus, a key component in gauging efficiency or fluency. The present study is an 
attempt to evaluate if a response time criterion of 3-seconds is a valid criterion (fast enough) for 
defining first graders’ efficiency or fluency with basic addition and subtraction problems and, if 
not, what other time criterion could be more suitable. 
Researchers agree that children typically progress through three overlapping phases 
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before achieving fluency with basic facts or family of facts: phase 1, which entails counting 
(verbal or object count) to determine an answer; phase 2, which involves deliberate reasoning 
(using known facts and relations) to consciously deduce answers to unknown facts; and phase 3, 
retrieval from a memory network via fact recall or automatic and non-conscious reasoning 
strategies (Baroody, Bajwa, & Eiland, 2009; Kilpatrick et al., 2001; Steinberg, 1985; 
Verschaffel, Greer, & De Corte, 2007).  
The deliberate and conscious use of reasoning strategies (phase 2) is more efficient than 
using counting strategies (phase 1), but less efficient when compared to retrieval (phase 3). Most 
children initially rely on counting strategies to compute sums and differences. As result of such 
experiences, children discover patterns and relations that enable them to invent their own 
reasoning strategies, which can be used to logically determine (deduce) the sums or differences 
of addition and subtraction problems (Van de Walle, 2009). With time, these deliberate, overt 
and sole reasoning strategies become internalized—non-conscious, covert, and automatic—and a 
component of the retrieval network (Baroody, 1994). An ideal response time criterion for 
defining efficiency would exclude deliberate and slow reasoning and include only fact recall and 
non-conscious, covert, and automatic reasoning. However, such a criterion has not been 
empirically evaluated.  
The present study attempts to evaluate if a commonly used response time criterion of 3-
seconds, could be identified as an ideal criterion for defining first grader’s fluency (efficiency) in 
basic addition and subtraction problems, and if not what other time criterion might be more 
suitable to distinguish between retrieval strategies and less efficient overt reasoning or overt 
counting ones.  
 
   
 3 
Definition of Terms 
Fluency. A fluent response was defined operationally as an efficient reply (i.e., the 
correct answer via an undetermined strategy in less than the response time criterion being 
considered), not due to counting or a response bias.  
Response bias. The response bias was defined as an inflexible application of a strategy. 
In other words, a child was considered to have a response bias during a session (over two sets) if 
a potential mechanical strategy (such as “stating the larger addend” for 6+9) was over-applied to 
inappropriate cases more than 50% of the time during a session. 
Non-fluent reasoning. A non-fluent reasoning response was defined as use of an overt 
reasoning strategy. 
Response time. The response time is the time taken to answer a presented problem. 
This chapter outlined the mastery in basic facts as an important goal for early 
mathematical learning and gave a brief context of the current study, outlining general research 
questions, and definition of terms relevant to the study. Next chapter discusses literature that 
identifies phases of meaningfully learning and mastering basic facts, in order to provide the 
necessary framework and rationale for the present study.   
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Chapter 2: Review of Literature  
Introduction 
The overall aim of the present study was to identify empirically a response-time criterion 
for defining a “fast” mental-arithmetic response in a theoretically sensible manner.  
Theoretically, retrieval entails efficiently—accurately and quickly—generating sums and 
differences from a retrieval network. Although there is wide agreement that elementary-level 
children should generate sums and differences accurately and quickly, less clear is what response 
time constitutes a quick response. Mental addition and subtraction data collected for a study 
under University of Illinois Number Sense Project (UINSP) conducted in 2010-2011 were 
examined in order to evaluate whether the 3-second criterion used for a fast response was 
theoretically valid and, if not, what response-time might be more useful.  Discussed, in turn, is 
the rationale for the study, the theoretical background, followed by a brief review of relevant 
research on learning of basic facts and achievement of retrieval.  
Rationale 
Discussed, in turn, are the theoretical background and the need for the present study. 
Theoretical Background: Phases of Meaningfully Learning the Basic Combinations 
Children progress through the following three overlapping phases in the meaningful 
memorization of basic number combinations or a family of related combinations (Kilpatrick et 
al., 2001).  
Phase 1: Counting. This phase entails using counting strategies to determine sums and 
differences. Commonly used counting strategies involve using concrete objects (such as blocks, 
tally marks, fingers) and counting sequence (verbal medium). For example, initially children 
begin by representing both addends of the given problem using fingers or blocks and then 
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counting all of them to find the sum. As they become familiar with concrete counting strategies, 
they start using more abstract counting strategies, e.g., stating the cardinal value of the larger 
addend and count up to the value of the second addend to determine the sum count (Baroody & 
Coslick, 1998; Seigler 1987; Geary, Hoard, Byrd-Craven, & Desoto, 2004); or taking away or 
counting up from the subtrahend (Fuson, 1992; Van de Walle, 2009). Although using one’s 
fingers for calculation is helpful in early number development, this strategy may not only be 
futile but may also interfere in mathematical achievement in later grades (Jordan, Kaplan, 
Ramineni, & Locuniak in 2008). Jordan et al. concluded that, as problems get difficult, relying 
on one’s fingers to compute a sum becomes tedious and leads to more errors. This increase may 
be attributed to high stress on working memory as the child needs to keep a track of how much 
were counted on the fingers, or in the head and how far along s/he needs to count. 
Phase 2: Reasoning. As a result of their growing experience with counting sequence, 
children may begin to notice certain patterns among numbers and their relationships. Research 
suggests that children store and use algebraic or verbal labels as opposed to remembering 
isolated facts e.g., 7+0=0, 24+0=24, 152+0=152 etc. (Baroody, 1985). That is, they begin to 
understand the underlying relationships between related facts or fact family by consolidating the 
relationship in the form of an algebraic expression e.g., N+0=N; or a verbal rule e.g., “when 
zero is added to a number, the sum is the number.” Similarly, a child may learn a rule that the 
subtraction of a pair of consecutive numbers produces a difference of one. In other words, 
children do not necessarily memorize that 4 – 3 = 1, 21 – 1 = 20 etc. as isolated facts, but begin 
to use deliberate or overt reasoning strategies to deduce answer to addition and subtraction 
problems. The term number sense is often used to describe a well-developed understanding of 
the concepts of number. Children with good number sense tend to understand that numbers are 
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representative of objects, magnitudes, and other attributes and that numbers can be operated on, 
compared, and used for communication (Markovits & Sowder, 1994). Children, in turn, begin to 
deal in composition and decomposition of numbers by means of inventing and using reasoning 
strategies. The realization that numbers can be decomposed and recomposed helps in mastering 
basic facts and their related (and more difficult) number combinations (Kamii & Joseph, 2004; 
Van de Walle, 2009).  
Phase 3: Retrieval. This phase involves immediate recall of basic facts from memory as 
well as automatic and non-conscious reasoning strategies (NMAP, 2008). Traditionally, 
mathematics instruction for students has emphasized mastery of basic facts by repeated practice 
(Gersten & Chard, 1999). Although fact recall can be achieved directly by rote memorization, 
such learning does not result in a well-structured retrieval network, or fluency. In contrast, the 
meaningful memorization of basic combinations results in a well-structured retrieval network 
that underlies fluency (Baroody, Bajwa, & Eiland, 2009). Moreover, a recall based on 
automatized reasoning strategy would be less prone to errors as opposed to a fact recalled on the 
basis of rote memorization alone (Baroody, Purpura, Reid, 2012). This phase translates to being 
efficient and the child in this phase is considered to have mastered the basic number 
combinations. Although retrieval can be achieved by meaningful memorization or by rote, the 
kind of knowledge that results from each of these methods is very different. Meaningful 
memorization of facts leads to a web of interrelated and well-connected network of procedural 
(factual) and conceptual knowledge (i.e., number sense), which helps in developing adaptive 
expertise, i.e., knowledge that can be transferred and applied appropriately and efficiently 
(Hatano, 2003). In contrast, rote memorization considers memorizing facts as isolated chunks of 
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information, which leads to routine expertise, i.e., knowledge that can be applied to familiar 
tasks but not new ones, and is thus limited in building a strong number sense.  
 Some research suggests that strategy usage does not follow a linear path, that is children 
use a mixture of efficient (reasoning) and less mature strategies (counting) even after achieving 
mastery (Pellegrino & Goldman, 1987). A more recent study by Fayol and Thevenot (2012) 
examined how simple one-digit addition, subtraction and multiplication problems are solved 
when the operands are preceded by presentation of the sign on the screen. The main findings by 
the author were that even experts in mathematical domain (adults) use reasoning or more abstract 
strategies (as opposed to retrieval) for simple addition and subtraction problems and this occurs 
as efficiently as retrieval when response times were compared. They make an argument for 
questioning the somewhat arbitrary credit given to retrieval as being more efficient than reaching 
the solution by a quick procedure based in reasoning for example. This supports Baroody’s 
theory that reasoning strategies (or procedures) become automated and hence may not 
necessarily result in an increase in response time as a result of the working memory being 
occupied in following a procedure. Instead these rules, patterns and principles that connect 
mathematical facts may have become more secure and defined, making the application of the 
rule available at a subconscious level and hence the participants may not report the procedures as 
the answer was reached before the strategy reached the conscious and explicit repertoire of 
reasoning (Fayol & Thevenot, 2012, p. 393). The authors claim that “ solution times are not by 
themselves informative about the strategies used by individuals” making the use of verbal reports 
of how an answer was reached more informational.  
Response Time Criterion and Measuring Retrieval 
Most of the previous chronometric studies have used self-reports by participants to 
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determine the strategy used to generate an answer (Siegler, 1988). One of the problems with self-
reports is that they may not reflect the correct data, as some participants may feel that their 
particular strategy, such as finger counting, is less mature and hence may lie about it; or may not 
be able to verbalize their thought process correctly. It is also possible that the explicit counting 
strategies or the number rules have become automatic and might be unavailable for verbal 
reporting (Fayol & Thevenot, 2012). Similarly, past studies in developmental psychology have 
measured solution times in milliseconds and were based on latency data. Many such studies have 
concluded that direct retrieval lies in the range of 400 to 900 milliseconds (Ashcraft, 1982; Geary 
& Brown, 1991). However, the validity of such findings remains unclear. Usually, response time 
in such trials is a sum of the time taken at each individual sub-step involved in producing the 
answer, from the time the stimulus was presented (problem was seen) to the time a child actually 
responds. So, if a problem appears and the child is expected to read out the problem then a 
second or more has already passed even if the answer was immediate. If this was the case, then 
how could the response time be scored under one second? 
Some chronometric studies have been conducted for identifying the execution time 
associated with using a strategy to solve a given problem (Shrager & Seigler, 1988). One of the 
limitations of these studies is that there is an implicit assumption of responses being generated 
using a single strategy, whereas research has suggested that even experts/adults use a mixture of 
strategies to answer unfamiliar problems (Pellegrino & Goldman, 1987; Fayol & Thevenot, 
2012). This implicit assumption results in the response times being aggregated over different 
strategies, thereby overestimating retrieval or fluency by confounding retrieval with deliberate 
mechanical strategies (Baroody, 1994).  
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In summary, there is a lack of research on evaluating the response time criterion, used to 
define fluency (efficiency) within the context of meaningful memorization of basic facts. The 
main limitations of many of earlier studies done on fluency (achievement of retrieval) are that 
there was no RT criterion or classification of strategies (strategies criterion) used (Seigler & 
Shrager, 1984; Seigler, 1987; Starkey & Gelman, 1982). This resulted in confounding the 
retrieval (declarative) processes by non-retrieval (reconstructive) processes (Baroody, 1994). 
Moreover, studies that used self-reports of participants to gauge fluency may have overestimated 
it as the participants may have lied or used a counting strategy without clearly verbalizing it  
(Henry & Brown, 2008).  
Present Study 
The current study was an attempt to evaluate the response time criterion for defining first 
graders’ fluency (achievement of retrieval) with basic addition and subtraction combinations. 
Discussed, in turn, are the need for such an evaluation and the source of data. 
Why is a Response Time Criterion Needed?   
Researchers agree that in mathematics, a lack of automaticity affects the functioning of 
brain for information processing. For instance, Gersten and Chard wrote,  
“...the human mind has a limited capacity to process information, and if too much energy 
goes into figuring out what 9 plus 8 equals, little is left over to understand the concepts 
underlying multi-digit subtraction, long division, or complex multiplication (1999, p. 
21).” 
It follows that the response time criterion helps in minimizing confounding results that 
may be produced by a mechanical or procedural strategy. In other words, a response time 
criterion, in theory, should be able to separate the use of relatively less efficient deliberate 
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reasoning or counting strategies from a relatively more efficient and non-conscious strategies. 
The Source of Data 
Brief description of parent study. The present study derives from a larger experimental 
study implemented under the UINSP on fostering fluency with basic addition and subtraction, a 
4-year research project supported by the Institute of Education Science (U.S. Department of 
Education). The aim of this project was to foster first-graders’ fluency with basic subtraction and 
larger addition combinations via computer-assisted instruction to evaluate two intervention-
training programs (one on structured-subtraction and another on use-a-ten strategy). The parent 
study had three groups, (a) one that received training on the subtraction-as-addition reasoning 
strategy, (b) one that received training on use-a-ten strategy to deduce answers to +8,+9 facts, 
and (c) one that acted as a control group. In the present study, the author does not focus on the 
effects of the two interventions evaluated by the parent project. Instead, it was designed to 
specifically evaluate the response time criterion (of less than 3 seconds) used to define fluency on 
addition and subtraction problems in the parent project. Thus, the unit of analysis in the present 
study is each trial as opposed to individual participants. Specifically, data were collected from 
the addition and subtraction trials used on the post-test of the mental arithmetic task for each 
trial.  
Criterion for fluency. Fluency was operationalized as an accurate and automatic answer 
without any evidence of counting or response bias. Automaticity was defined at < 3 s. This 
criterion was chosen because, in theory, deliberate use of a strategy would require processing 
each step of the strategy thus adding time and making the production of answer slow. Although 
previous studies where participants were given fixed time to answer have been conducted, 
usually the time allotted was four or five seconds (Seigler, 1988). As Jerman (1970) points out, it 
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is highly unlikely that children in third or fourth grade would not have used counting or other 
procedures to deduce the answer such studies. A response time of 3 seconds, though somewhat 
arbitrary, seemed plausible, as currently there is no direct evidence to support or refute the 3- 
second criterion for defining efficiency. Furthermore, in comparison to studies that allowed up to 
4 seconds for production of an answer, this criterion was at the very least a stringent one. Thus, 
in theory, it should be able to reduce overestimation of fluent responses relative to the criterion 
of up to 4 seconds used previously.  
Possible problems with 3-second criterion. The 3-second criterion for fluency used 
could result in both a relatively fast covert undetermined strategy and a relatively fast overt 
reasoning strategy being scored as fluent. Although using such a criterion is practical, it is not 
ideal theoretically, and hence the need for the present study evolved. Discussed, in turn, are the 
specific research questions of the present study. 
Research Questions 
The study involved addressing three primary questions. The first two constituted an 
evaluation of the efficacy of the 3-second criterion; and the third involved assessing whether 
another response-time criterion might be more theoretically accurate: 
1. Does using the less than 3-second criterion for defining fluency, effectively 
exclude responses scored as overt or deliberate counting (phase 1)? Put differently, does 
using this time criterion result in 0%, or almost 0%, of responses scored counting being 
misidentified as fluent (phase 3)? 
2. Does using the less than 3-second criterion for defining fluency, effectively 
exclude responses scored as overt or deliberate reasoning (phase 2)? Put differently, does 
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using this time criterion result in 0%, or almost 0%, of responses scored reasoning being 
misidentified as fluent (phase 3)? 
3. Is the misidentification rate for the less than 3 seconds time criterion not significantly 
different from a more stringent time criterion such as less than 2.5 seconds, or is it 
significantly different than a less stringent criterion such as less than 3.5 seconds?   
   
 13 
Chapter 3: Methodology 
As described in chapter 2,the present study attempted to examine an important aspect of 
fluency, namely the response time criterion, operationalized under the parent project of UINSP. 
Discussed in turn is the methodology of the UINSP, which provided the data source for the 
present study, and the analytic methods used in the present study to evaluate response-time 
criteria. 
UINSP study 
Participants 
Participants for the study were drawn from 12 classrooms in five schools, in two districts 
serving a mid-sized mid-western community. A total of 164 first graders were considered for a 
preliminary mental-addition screening test, which assessed fluency with most basic sums (adding 
with 0, adding with 1, and adding with doubles, e.g., 3+3 and 8+8). A total of 77 children were at 
least reasonably successful on this preliminary screening test and were pretested for the 
experimental study. Data from post-test of 75 children who completed the experimental study 
were considered for the present study. The pre-test data were considered but not included for 
addressing the specific research questions due to a lack of enough data for each measure that was 
being analyzed (specifically the reasoning strategies while responding). 
Of the 75 children who completed the study, 46% were female; majority were Caucasian 
(70%); African-American, Hispanic, and mixed, unknown or other race children comprised 
about 9%, 5% and 15% of the sample, respectively. Additionally, about 31% of participants were 
eligible for free or reduced-price lunch. Demographic information for participants in this study is 
shown in Table A.1. 
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Project Personnel 
Project personnel who collected the data comprised of six female Academic Professionals 
(APs), and one male and four female Research Assistants (RAs). Each personnel had at least one 
year of experience in working with the project; at least a B.S in either education or psychology; 
and participated in six 3-hour training sessions. At the end of this training, each project personnel 
(or testers) participated in exercises that specifically tested how to identify different strategies 
that children may use as well as on testing protocol for administering testing and training 
procedures and protocol. 
Measures 
Test of Early Mathematics Achievement (TEMA-3), a national standardized test 
developed by Ginsburg & Baroody (2003), was administered to gauge participants’ specific 
strengths and weaknesses in developmental prerequisites for mental addition and subtraction. For 
TEMA scores of the participants, refer to Table A.2, Appendix A. All participants took part in a 
7.5 weeklong preliminary training (stages I and II) that focused on the developmental 
prerequisites for performing simplest mental addition and identifying particular gaps in this 
knowledge. The preliminary training was also designed to provide the participants with 
necessary experience and a familiarity in solving word problems concretely within the virtual 
environment of computers used for testing. During this training, participants were also 
encouraged to provide reasonable estimates for finding sum or difference, when they do not 
know an answer. After stage II, participants were randomly assigned to three different 
conditions, involving two training programs (interventions) aimed at learning two reasoning 
strategies by means of discovery, i.e., during the training, participants were not explicitly told 
what to do or what strategy to use.  
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Mental arithmetic test. A pretest was administered using the mental arithmetic test with 
practiced and transfer addition and subtraction trials with each participant. Same test was 
administered at the end of the intervention in order to (a) gauge the efficacy of the intervention 
or training programs for experimental study, and (b) provide measures for evaluating if the 3 
second response time criterion for defining fluency made sense (presented study). 
Training 
All participants under the present study received identical training for part of the UINSP. 
The computer-based training under UINSP was implemented in five stages. These were based on 
the premise that phase 1 (counting) and phase 2 (reasoning) were necessary for achieving phase 
3 (retrieval or mastery) for memorizing the basic facts meaningfully as per the active 
construction view (Baroody, 2006; NRC, 2001). The first two stages were identical for all the 
participants.  
Stage I. Concrete to symbolic addition/subtraction. The main aim of this stage was to 
ensure that participants recognize and understand formal symbolism for addition and subtraction. 
The training included, but was not limited to, verbal number recognition of small collection of 
objects; verbal and object counting; basic addition and subtraction concepts (recomposing and 
decomposing numbers, part-whole concepts); and the number-after knowledge (i.e., knowing 
that N+1 results in the next number in count sequence). Concepts of addition and subtraction 
were presented within different meaningful contexts by means of story problems, ten frames and 
number lines to support their number sense and informal reasoning. All participants were given 
feedback on their performance. 
Stage II. This stage was marked by introducing the participants to estimation strategies 
that served as a bridge between the concrete stage (I) and stages III through V. In sum, goal of 
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the training in this stage was to prepare participants to move from concrete strategy usage to 
more abstract estimation and reasoning strategies by means of playing games. Another purpose 
of this stage was to encourage participants to move away from concrete counting strategies that 
are more time consuming and attempt to make a reasonable “guess”. In the final phases of this 
training, participants were encouraged to not just make a “smart guess” but do so fast thereby 
preparing them for the intervention (discovery learning of reasoning strategies) in stages III 
through V. 
Stages III-V. In stages III through V, participants received training in one of the three 
conditions to which they were assigned (reasoning strategies) as part of the experimental study.  
Testing 
A mental arithmetic test was administered at two time-points – as a pre-test at the end of 
phase II, after which participants were randomly assigned to three conditions; and then as a post-
test at the end of stage V. The mental arithmetic test included two categories of trials: (a) 14 
subtraction problems (b) 17 sums with an addend of 8 or 9. The specific trials on the MA test are 
listed in Table 1. Data from the post-test were utilized to identify the three outcome variables – 
response time, strategy and response accuracy – for the present study. 
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Table 1 
Trials on mental arithmetic tests 
 Combination Family 
 Addition  Subtraction  
 Structured Use-a-Ten Subtraction as addition 
Trials 
4 + 8 
5 + 9 
6 + 8 
8 + 5 
8 + 6 
8 + 9 
9 + 7 
9 + 8 
5 + 8 
6 + 9 
7 + 8 
7 + 9 
8 + 4 
8 + 7 
9 + 5 
9 + 6 
9 + 9 
9 – 6 
10 – 6 
11 – 5 
11 – 8 
12 – 7 
13 – 7 
16 – 8 
10 – 7 
11 – 6 
11 – 7 
12 – 9 
14 – 7 
7 – 5 
9 – 5 
 
Testing for mental arithmetic task was done in the context of computer games, allowing 
the child to choose one of the three virtual environments of “Think Smart and Fast” games, viz. 
car race game, fire engine game, and airplane game. For the car race game, a tester would 
explain to the child, “We are going to play a game where we pretend you are participating in the 
Daytona 500 car race.” The child was told to tightly hold on to the provided steering wheel at all 
times during the game. This was done to discourage finger counting or at least make it difficult 
or obvious. The tester explained that the success in car race and doing well in reaching the 
destination is determined by answering addition and subtraction problems that appear on the 
screen accurately and quickly. The child was not provided any objects nor was s/he encouraged 
to use any objects during the mental-arithmetic test. Instead the child was encouraged to answer 
fast, avoid counting and give a smart guess if s/he doesn’t know the answer. Once the timer 
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(internal clock of computer) reached 5 seconds, the tester prompted the child by saying, “Just 
give a smart guess.” For a complete detail of testing procedure and verbatim used as well as 
screen shots of mental arithmetic task (car game only), please refer to Appendix B and Figure 
B.1 respectively. 
 A response was scored as fluent based on accuracy, strategy, and response time (in 
seconds). Fluency was operationally defined (current) as an accurate response generated within 3 
seconds, with an undetermined strategy or reasoning and without counting. Data were collected 
for three outcomes variables that define fluency as follows. 
Response time (RT). An internal clock started in the computer after the problem was 
presented on the computer screen. As soon as the child responded, the tester (who had his/her 
finger posed on the ENTER key of the number-pad) pressed the key to stop the internal 
stopwatch. The computer then displayed the response time on the external screen (not visible to 
the child but to the tester). Measure of response time for each trial presented to the child was 
collected objectively (since the computer took note of the time). In case the child took too long to 
respond, the internal clock stopped automatically after 15 seconds, and the response was scored 
as no response. On trials where a child was distracted when the problem appeared on screen (for 
example was called by a teacher), the testers made a note to redo the trial on another day. 
Strategy. Testers identified which of the following strategy a child used: counting (overt 
counting), reasoning (overt reasoning) or undetermined (no overt indication of a strategy usage). 
As described earlier, a counting strategy required either representing one or both addends before 
the sum count (concrete counting strategies) or representing both addends during the sum count 
(abstract counting strategies) (Baroody & Coslick, 1998; Fuson, 1992). This determination was 
made based on evidence of finger movement, head-nod, or verbal citing of complete or a portion 
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of count sequence (even when whispered). Additionally, any sub-vocal counting noticed with 
movement of eyes, fingers or head was considered to be an indication of counting. Reasoning 
strategies expected on addition and subtraction trials were use-a-ten and subtraction-as-addition 
strategies respectively, as these were the strategies on which different groups of participants were 
trained during stages III to V of the experimental study mentioned earlier. As an example of use-
a-ten strategy, a child would solve 9+6 by stating “ten and six more is sixteen, so one smaller is 
fifteen.” Similarly, subtraction-as-addition rule would require the participant to solve 9-5 by 
stating “since 4+5=9, the answer to 9-5 is four”, i.e., the participant should be able to derive a 
correct response from other related problems with the same parts and whole (4, 5 and 9 in this 
example). All instances where the participant simply gave a response without any overt 
indication of a strategy usage were classified as undetermined strategy. A response time criteria 
then further classified those given under 3 seconds (current criterion being evaluated) as fast 
undetermined and those given after 3 seconds as slow undetermined. Although it can be argued 
that strategy determination was subjective at the testers’ front, all trials were videotaped, and 
after each session the input entered was double checked by playing the recording and correcting 
any anomaly that may have occurred. On occasions when a tester was doubtful of the strategy 
used by the child, the video recording was replayed to get the strategy evaluated by two or more 
trained personnel till a consensus was reached. This helped in making sure that any indication of 
an overt strategy usage was not missed and was duly noted for each trial administered. 
Response Accuracy. The tester entered the response given by the child via a number 
pad. The response was later scored for accuracy, as correct or incorrect. 
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Table 2 gives an example of how each of the above three outcome variables translated 
into determining a response as fluent or not fluent, at the current response time criterion of 3 
seconds. 
Table 2 
Summary of each strategy and its defining characteristics for fluency under UINSP 
Strategy Observation/ Verbalization Response Time Fluency 
Automatic Child gave an answer without using counting or reasoning < 3 sec only Fluent 
Other Child gave an answer without using counting or reasoning > 3 sec only Not Fluent 
Counting Child used fingers, or gave a visible indication of counting < 3 sec Not Fluent 
  > 3 sec Not Fluent 
Reasoning Child used overt reasoning to come to an answer < 3 sec Fluent 
  > 3 sec Not Fluent 
 
Analytic Procedures of the Present Study 
Post-test mental-arithmetic data were used for the analysis. Pre-test data were also 
reviewed but not used because there were not enough cases of overt reasoning to address the 
research questions. 
For addressing the research questions, all responses based on accuracy (i.e., all correct 
answers) were identified for each participant on each attempted trial. Out of the total pool of 
correct answers, those generated by overt reasoning, were separated by combination family 
(addition or subtraction).  The correct responses were then identified at an increment of 0.5 
seconds starting from < 1.5 seconds to < 5.5 seconds. Thus a total of eight cut-off points were 
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considered .The same process was followed to identify number of correct responses generated 
using an overt counting strategy, a fast-undetermined strategy and a slow-undetermined strategy.  
Ideally, if the 3 seconds criterion were to define fluency appropriately then there should 
be 0 or almost 0 cases of strategy identified as overt reasoning or overt counting within that 
response time. Binomial Exact test with α = 0.05 was considered for addressing the first two 
primary research questions: Does using the less than 3-second criterion for defining fluency, 
effectively exclude responses scored as counting (phase 1) and overt or deliberate reasoning 
(phase 2). Probability approach of sensitivity and specificity was considered first, followed by 
studying empirical trends observed in the given data to address the third research question: Is the 
misidentification rate for the less than 3 seconds time criteria not significantly different from a 
more stringent time criterion such as less than 2.5 seconds or is it significantly different than a 
less stringent criterion such as less than 3.5 seconds?  
Theoretically, an ideal RT criterion should separate a response generated by 
overt/conscious and hence slow reasoning (phase 2) with those generated by non-conscious and 
fast reasoning (phase 3). Thus a response time cut-off under which zero instances of overt 
reasoning or counting exist would be a probable RT to define efficiency or fluency. 
Misidentification rate. Misidentification rate for fluency was defined as the number of 
responses generated using reasoning (or counting) under a given RT divided by total correct 
responses under the given RT. 
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Chapter 4: Results 
Discussed, in turn, are the results regarding the first two research questions about the 
efficacy of the 3-second time criterion in excluding responses scored as counting and reasoning, 
and the third question on identifying a more suitable response time criterion.  
Efficacy of 3-Second Criteria in Defining Fluency 
Table 3 summarizes the number of correct responses by strategy for the under and over 3-
second response time criterion, respectively. For the responses given using an undetermined 
strategy, a difference of 68 responses was observed between responses generated over 3 seconds 
and those generated under 3 seconds.  
Under 3 seconds, there were zero correct responses generated using an overt counting 
strategy, suggesting at outset that 3 seconds cut-off did exclude all the responses scored correct. 
However, out of all the correct responses generated using an overt reasoning strategy, a total of 
17 were given under 3 seconds and 143 were given above the 3 seconds RT. In theory, there 
should be no instances of correct overt strategy responses scored under 3-second criterion for it 
to be considered ideal. This empirical evidence suggests that the 3-second response time criterion 
seems reasonable for separating overt counting responses from those generated using fact 
retrieval. However, the same cannot be concluded for overt reasoning strategy. The 17 correct 
overt reasoning responses accounted for 3.5% of the total 485 responses scored under 3 seconds. 
In other words, 3.5% of all correct responses scored in under 3 seconds, were generated using 
overt reasoning strategy. So, the next step was to evaluate if the 17 overt reasoning responses 
that were misidentified as fluent, were statistically significant or could they be attributed to 
chance alone.  
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Table 3 
Correct responses by strategy at 3-second response time 
 Response Time 
Strategy < 3.0 > 3.0 
Counting 0 26 
Reasoning 17 143 
Undetermined 468 536 
Total 485 705 
 
Binomial Exact Test 
A binomial exact test with α = 0.05, evaluated the null hypothesis: the probability of 
finding a correct response generated by overt strategy with a < 3-second response time (RT) 
criterion is 0.001 (essentially 0). The null hypothesis was rejected for counting strategy for both 
addition and subtraction. It was not rejected for a reasoning strategy for both operations. Table 4 
below shows the p-values from binomial exact test of significance. For detailed results of 
binomial exact test please refer to Appendix C. 
Table 4 
Binomial Test Result 
Strategy Used Problem Type (Combination Family) RT < 3.0 
Counting Addition (M) 0.981 
 
Subtraction (S) 0.993 
Reasoning Addition (M) 0.000 
 
Subtraction (S) 0.000 
Note. The values in the table represent exact sig. (1-tailed), i.e., the p-value 
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Although binomial test results suggested that the number of reasoning and counting 
responses scored as fluent in under 3 seconds criterion cannot be attributed to chance, 
unfortunately it is not safe to conclusively infer the same due to the data being non-independent, 
as the unit of analysis was each trial and not individual participants. 
Identifying Ideal Response Time for Defining Fluency 
If an ideal RT criterion is to be identified, it is important to consider not just how many 
non-fluent responses are being scored as fluent under that RT but also that if we shift the 
response time to a more stringent one how many responses that were actually fluent become 
scored as non-fluent. Similarly, it is important to consider if the criteria is made less stringent 
how many responses that are actually non-fluent become scored as fluent. In summary, 
identifying an ideal response time requires considering the underestimation as well as 
overestimation of fluency. It also requires a consideration of the misidentification rate at each 
time points. 
Table 5 provides a descriptive summary of the number of correct responses generated 
using each of the three reasoning strategies by response time. The number of correct overt 
strategy responses scored as fluent goes down from 17 (with 3 second RT criterion) to 12 (with 
2.5 second RT criterion). However, at the same time, it also eliminates 148 correct responses 
scored using undetermined strategy since the number of correct responses drops from 468 to 310. 
As a result, the proportion of overt strategy responses misidentified as fluent goes up slightly, 
from 3.5% to 3.7%. Similarly, for 3.5 second RT criterion, the numbers of correct overt strategy 
and undetermined strategy responses go up to 30 and 576 respectively, increasing the proportion 
of overt strategy responses misidentified as fluent to over 5%.  
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Misidentification rate should ideally be zero for a criterion to be robust. That is, the 
proportion of reasoning or counting under a particular RT to that of all correct responses within 
that time interval should be zero. A higher misidentification rate implies that the particular RT is 
not suitable for reasonably differentiating the overt reasoning or counting strategies with non-
deliberate and automatic strategies that comprise the retrieval network. For example, the 
misidentification rate at 1.5 seconds for counting is 0 (0 divided by the total 34 responses), 
suggesting that perhaps 1.5 seconds was the ideal time at which overt reasoning and counting 
strategies can be differentiated from non-conscious retrieval strategies. That is, the responses 
given under 1.5 seconds can be considered automatic and efficient. 
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Specificity and Sensitivity 
To identify the ideal cut-off for response time for defining fluency, statistical inference 
was not deemed fit and instead a probability approach of sensitivity and specificity test was 
considered more suitable. In the context of the present study, sensitivity measures the proportion 
of actual fluent responses, which are correctly identified as fluent (true positives). Specificity 
measures the proportion of non-fluent responses, which are correctly identified as non-fluent 
(true negatives). 
Although this approach seemed promising, it required automaticity (or retrieval) to be 
defined by something other than the response time itself. In the current data, automaticity was 
defined by a response time criteria (less than 3 seconds) whereas in theory, phase 3 responses 
also include an aspect of speed (retrieval or fast recall). If we consider that phase 3 include all 
responses that show no indication of an overt strategy usage, we would need to also consider the 
responses for which there were no indication of strategy overall. That is, for defining an ideal 
RT-based fluency, the responses scored with slow undetermined strategy also need to be 
evaluated to determine if they could be attributed to covert reasoning or counting. Otherwise, this 
test cannot be used to identify the ideal cut-off. For example, let’s consider the correct responses 
given using an undetermined strategy in more than 3 seconds (RT). If students were using covert 
reasoning, but were simply slow in verbalizing their answers, we cannot simply ignore them if 
the goal is to demarcate the point that differentiates overt reasoning/counting with covert 
reasoning/counting. Not accounting the other responses, may lead to excluding cases that were 
using a fast reasoning at 3.12 seconds, for instance. Further, we may not get the actual observed 
instances of covert reasoning since we have no means of identifying how the child who took 
more than 2.999 seconds got the answer correctly at 3.12 seconds. As per the three 
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developmental phases, we cannot differentiate if the correct responses given at 3.12 seconds 
were a result of a non-conscious reasoning or deliberate reasoning. For example, a child might 
have figured the answer at non-conscious or subconscious level but then took time to verbalize it, 
accounting for RT to go over 3 seconds and hence be scored as non-fluent. Nonetheless, this 
approach highlighted an important aspect to be considered for future analysis and data collection. 
Since statistical inference was not appropriate, implicit empirical trends pertaining to the given 
sample were further explored in order to address the primary research questions. 
Empirical Trends for Defining Fluency Using Response Time Criterion and Strategy 
A total of 1190 responses were correct (of the total 2325). Of these 160 were generated 
using reasoning strategies including 17 in less than 3 seconds, and 26 were attributed to counting 
strategies with none under 3 seconds. Number of responses correct by problem type (addition or 
subtraction), with average response time is given in Table 6.  
Table 6 
Descriptive statistics: Overall correct responses using reasoning and counting strategies in 
addition and subtraction trials 
   Response Time 
  
N M SD 
Reasoning Addition (M) 115 5.586 2.111 
 
Subtraction (S) 45 4.200 1.932 
Counting Addition (M) 19 5.140 1.253 
  Subtraction (S) 7 5.908 2.780 
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One explanation for noticing these few cases of fast but overt reasoning could be that 
these participants already knew the answer (has achieved mastery) and by the virtue of training 
(intervention), included the reasoning strategy as an after thought.  
The proportions of overt reasoning/counting responses that are scored as fluent for 
various response time cut-offs for addition and subtraction trials are summarized in Table 7. For 
addition trials, there is no response below 3 second RT where counting strategy was used. In 
contrast, there were 3.5% of reasoning responses that were scored as fluent for the same RT. 
However, both reasoning and counting responses show identical steep slopes as depicted in 
Figure 1 with RT of more than 3 seconds. Subtraction trials depict a somewhat similar trend for 
responses where counting strategy was used. However, there is a relatively higher proportion of 
overt reasoning subtraction responses scored as fluent, with as many as 29% of responses 
attributed to fast reasoning. Even a far stringent RT criterion of 2 seconds shows as many 13% 
subtraction responses scored as fluent. Figure 2 summarizes this trend with a relatively 
consistent slope for overt reasoning responses from 1.5-second response time criterion all the 
way to 6.5 seconds. 
Table 7 
Proportion of responses generated using overt counting/reasoning strategy scored as fluent for 
different RT criterion 
Problem Type Strategy 
Scored as fluent with a RT Criterion of… 
 < 2.0  < 2.5  < 3.0  < 3.5  < 4.0  < 4.5 
Addition (M) Reasoning 0.009 0.017 0.035 0.078 0.226 0.348 
 Counting 0.000 0.000 0.000 0.105 0.211 0.368 
 Undetermined 0.000 0.029 0.158 0.280 0.448 0.556 
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Table 7 (Contd.) 
Problem Type Strategy 
Scored as fluent with a RT Criterion of… 
 < 2.0  < 2.5  < 3.0  < 3.5  < 4.0  < 4.5 
Subtraction (S) Reasoning 0.133 0.222 0.289 0.422 0.511 0.578 
 Counting 0.000 0.000 0.000 0.000 0.000 0.143 
 Undetermined 0.000 0.038 0.178 0.349 0.492 0.599 
 
Considering the trends in Table 7 above, it is safe to infer that a 3 second RT criterion is 
effective for excluding any response with overt counting strategy, i.e., for defining fluency 
efficiently. However, it fails to exclude subtraction responses attributed to fast overt reasoning. 
This suggests that different RT cut-offs might be more suitable to identify fluency in addition 
and subtraction trials.  
For addition trials, the current RT (3.0 seconds) needs to be slightly stringent (RT < 2.5 
seconds) to exclude all overt cases reasoning and counting. Figure 1 and Figure 2 also provides 
distribution of proportion of correct responses given using an undetermined strategy for addition 
and subtraction trials. On plotting the proportion of correct responses generated by an 
undetermined strategy for addition and subtraction by response time, it appears that it took 
participants about 1.0 to 1.5 seconds to process the stimulus or the presented problem. Further, at 
RT < 2.0 seconds one can notice the first appreciable rise for both addition and subtraction. This 
may be due to automatic or non-conscious retrieval. The proportion for RT < 2.5 seconds 
doubles for both addition (from 15% to 28%) and subtraction trials (from 17% to 34%) 
indicating responses that were most likely at the verge of becoming automatic (or were semi-
automatic). At RT > 3.0 seconds any increment for both addition and subtraction trials tapers off 
to form a smooth curve, suggesting a probable mixture of slow or non-automatic responses.     
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Figure 1. Distribution of proportions of correct overt responses scored as fluent for different RT 
criteria for addition trials by response time 
 
 
 
Figure 2. Distribution of proportions of correct overt responses scored as fluent for different RT 
criteria for subtraction trials by response time 
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Accuracy using reasoning versus counting. Table 8 summarizes a comparison of 
accuracy of responses for both reasoning and counting strategies, by problem types – addition 
and subtraction. In the given data, amongst overt strategies reasoning was not only more 
frequently verbalized among first grader participants, but also yielded high accuracy. This 
suggests that those who used reasoning used it to generate more accurate answers. Moreover, 
participants showed far less accuracy when they used counting as the strategy, (also found in the 
finding of Jordan, Kaplan, Ramineni & Locuniak, 2008) as compared to reasoning, which shows 
that they have become far more adept at using reasoning (phase 2) strategy effectively. 
Table 8 
Accuracy comparison of reasoning vs counting strategy usage 
Strategy Used 
Problem Type 
(Combination 
Family) 
Response Frequency Accuracy 
% Correct Incorrect 
Reasoning Addition (M) 115 9 92.74 
 Subtraction (S) 45 3 93.75 
Counting Addition (M) 19 9 67.85 
 Subtraction (S) 7 7 50.00 
 
Limitations 
The author acknowledges that the ability of a child to deduce an answer using an overt 
reasoning strategy or explanation is, in itself, a worthwhile goal towards developing a strong 
number sense in mathematics. However, an equally important goal is for the students to be fluent 
in basic number combinations. Broader issues regarding the definition of fluency, such as 
individual differences in participants (e.g., prior knowledge, native language) and difficulty of 
one-digit versus two-digit problems (i.e., size effect), were not considered in the present study. 
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For example, individuals who are not fluent in English as their first language might be at a 
disadvantage in: (a) understanding the expectation of the mental arithmetic task (that is a fast 
answer is needed); (b) it might have taken them longer to process and translate the question 
posed in English to their native language thus adding time. It might be that from a mathematical 
point they were fluent, but the extra processing time to translate the question into their native 
language attributed to a longer RT, resulting in their response being scored as non-fluent. 
However, the testers were trained to identify and accommodate any language barriers noticed in 
the participants (there were a few participants from Hispanic, Indian and Asian ethnicities among 
others, and at least one tester was well versed in either of these languages). For this reason the 
possibility of not understanding the task or the presented number combination due to language 
barrier was minimal.  
Another limitation of the present study was that it was impossible to distinguish between 
covert, deliberate reasoning and overt, deliberate reasoning. Because participants were not 
explicitly asked to verify what strategy they used to find an answer it might be possible that 
some participants started using a counting strategy (demonstrated movement of fingers) but then 
used a deliberate reasoning strategy or used fast counting surreptitiously. Quantitative analyses 
could not be used to evaluate the response criteria, because they proved to be impractical. The 
binomial analysis focused on number of responses, and thus violated the assumption that each 
data point was independently contributed. For example, a few participants contributed most of 
the trials scored as reasoning. Thus, it was not used for inferential purposes.  
The author did not evaluate gender responses but it might be worthwhile to notice 
differences in gender in terms of overt strategies used. For instance, gender differences are seen 
in studies that suggest girls tend to verbalize more as compared to boys. This would effect how 
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fluency is measured and it may provide insights into the possibility of response time being 
correlated with this variable. 
Discussion 
Fluency in basic addition and subtraction problems is an essential skill for achieving 
mathematical proficiency as it frees up working memory allowing cognitive resources to engage 
in problem solving, in integrating two different concepts, and in building a stronger and efficient 
number sense (Kilpatrick, Swafford, & Findell, 2001; NCTM, 1989, 2000, 2006; NMAP, 2008). As 
mentioned earlier, various documents assume the aspect of speed in defining fluency. That is, 
fluent means being able to produce an answer fast or automatically. This study was a piece of a 
larger work that evaluated the efficacy of two intervention trainings on subtraction-as-addition 
and use-a-ten reasoning strategies. Under the larger project, fluency was defined as an accurate 
answer generated in less than 3 seconds without counting or by using an undetermined strategy 
in less than 3 seconds. It was hypothesized that ideally if 3-second criterion was an effective cut-
off time for differentiating fluency from non-fluency, then the number of correct overt strategy 
responses given under 3 seconds should be zero and any rare instance of reasoning may be 
attributed to chance alone. In the empirical data, the 17 cases of overt reasoning with response 
time less than 3 seconds were found. The author investigated if these cases were significant 
enough to change the response time to a more stringent criterion. Although statistical tests were 
not possible, qualitative analyses per combination family (subtraction or addition), suggested the 
3-seconds cut-off efficiently separated deliberate/slow overt counting from non-conscious or fast 
counting for both addition and subtraction trials.  
In the light of overall observations and trends identified during this study, three main 
considerations for future investigation on determining the RT criterion are: (a) to develop a 
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follow up task that distinguishes and validates the responses currently scored as undetermined 
strategy into sub-categories (such as conscious reasoning or fast counting used surreptitiously). 
This would allow in identifying, at least to some extent, what strategies the participants were 
relying on while retrieving sums and differences; and (b) to consider conceptualizing efficiency 
in terms of distinguishing between phase 2-consisting of less efficient reasoning strategies that 
require deliberate and explicit thought, an in between stage where deliberate reasoning is fast but 
is still overt and finally an achievement of retrieval-automatic, non-conscious reasoning or recall 
(phase 3).The empirical patterns observed in the data indicate that it might be fruitful to consider 
a tight range of response times for defining efficiency as opposed to a single RT criterion that 
separates fluency into two categories of fluent or non-fluent. Perhaps three categories-somewhat 
fluent, fluent and non-fluent might- might make more sense at a theoretical level, since children 
and adults use a multiple range of efficient sub-conscious and non-conscious strategies in 
addition to recall (Fayol & Thevenot, 2012).  
Conclusion 
The response time of less than 3-second was able to differentiate overt/deliberate 
counting from covert/fast counting. However, 3-seconds cut-off was found to be inappropriate in 
distinguishing between deliberate, overt (phase 2) reasoning and non-conscious (phase 3) 
reasoning. Further, the distribution of correct responses generated using all undetermined 
strategies (fast and slow), suggested the possibility of a continuous response time pattern 
involving four phases: a reaction time to stimulus, automatic retrieval, semi-automatic retrieval 
(fast reasoning) and deliberate and slow reasoning or counting. Overall, the trends noticed 
indicate that different RT cut-offs may better work to define fluency in addition and subtraction 
problems.   
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APPENDIX A: Participant Details 
Table A.1 
Participant Characteristics by Condition 
 
Study 12 
Use-10 Subtraction Control 
Age range 
Median age 
6.2 to 7.2 
6.6 
6.1 to 7.1 
6.6 
6.2 to 7.6 
6.8 
Boy : girl ratio 17:8 14:11 12:13 
TEMA-3 range 
Median TEMA-3 
89 to 142 
105 
92 to 137 
103 
75 to 125 
105 
Free/Reduced lunch eligible 10 8 5 
Black/Hispanic/Multiracial 7 8 7 
Family 
History 
Single-parent 
Parent under 18 
Parents w/o HS 
ESL 
3 
1 
0 
2 
3 
0 
0 
4 
1 
0 
0 
3 
Medical/ 
Develop- 
mental 
Condition 
Birth complications 
Visual impairment 
Language delay 
Speech services 
Spina bifida 
0 
1 
0 
0 
0 
0 
0 
0 
1 
0 
0 
1 
0 
0 
0 
Behavioral 
Condition 
ADHD 
Aggressive 
Passive/withdrawn 
0 
2 
1 
0 
1 
1 
0 
0 
3 
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Table A.2 
TEMA Scores 
 Training Condition 
 Structured Subtraction 
Structured 
Use-a-Ten 
Unstructured 
Practice 
Age range 6.1 to 7.1 6.2 to 7.2 6.2 to 7.6 
Mean (SD) 6.6 (0.3) 6.6 (0.3) 6.7 (0.3) 
Median age 6.6 6.6 6.8 
Number of boys / girls 14 / 11 17 / 8 13-Dec 
TEMA-3 range 92 to 137 89 to 142 75 to 125 
Mean (SD) 107.2 (11.7) 106.8 (13.2) 103.5 (12.1) 
Median TEMA-3 103 105 105 
  
   
 42 
 
APPENDIX B: Mental-Arithmetic Task 
Detailed protocol for MA testing 
General Introduction of the “Think Smart & Fast” Games  (Original Source: UINSP) 
Before launching the computer game, draw the child’s attention to the Tips for the 
“Think Smart & Fast Game” and say, “Over the next few weeks, we are going to play some 
‘think smart & fast’ games. The computer will show you an adding problem. You will need to 
look carefully at the problem, think smart (make sure your answer makes sense), and answer fast. 
In the ‘think smart & fast’ game, you do not have to count. If you do not know the answer, make 
a smart guess as fast as you can.”  
Introduction to Specific Games 
Car Race Game. Underscore the need for mental arithmetic. 
4. In the initial phase of the game (race cars lining up at the starting line), explain: “Our first 
‘think smart & fast’ game is the ‘race car game.’ We are going to pretend you are driving 
a race-car in the Daytona 500. Which car would like to drive?”  
5. Allow the child to click on the car of choice. A halo should appear around the car. 
Choose another car for yourself, and assign the remaining cars to the child’s teachers or 
friends (e.g., the blue one is Ms. Oldani’s car). Note: Only the car selected by the child is 
clicked/highlighted. 
6. As the game finishes its initial phase (the cars take off from the starting line), say: “In 
order to drive your car, you will need to hold its steering wheel tight with both hands at 
all times during the race.” (Finger counting or object counting is not allowed on the 
posttest) Say, “Your success driving your race car—how it finishes in the race—is 
determined by answering addition problems accurately and quickly. If you know the 
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answer, tell me as quickly as you can. If you are not sure of the answer, make a smart 
guess as fast as you can.” 
7. Press the Enter key to queue the first problem. A blank rectangle will appear in the 
middle of the screen. Say, “Look here; this is where the addition problem will appear. 
When the problem appears, think smart. If you know the answer, what will you do? 
[Answer Fast] Yes, answer fast. If you are not sure of the answer, what will you do? 
[Make a smart and fast guess.] Yes, make a smart guess as fast as you can. Are you 
ready?” 
Fire Engine Game. Underscore the need for mental arithmetic. 
1. Launch the computer program for the Fire Engine Game. As the game cycles through its 
initial phase (fire trucks racing to a fire), explain: “Our second ‘think smart & fast game’ 
is the ‘fire truck game.’ You are driving a fire engine.  You need to get your fire engine 
to the fire as quickly as possible. In order to drive your fire engine, you will need to hold 
its steering wheel tight with both hands at all times. Once you get to the fire, your success 
putting out fires—how many fires you extinguish—is determined by answering addition 
problems accurately and quickly. If you know the answer, tell me as fast as you can. If 
you are not sure of the answer, make a smart guess as fast as you can. Are you ready?” 
2. Press the Enter key to queue the first problem. A blank rectangle will appear in the 
middle of the screen. Say, “Look here; this is where the addition problem will appear. 
When the problem appears, think smart. If you know the answer, what will you do? 
[Answer Fast] Yes, answer fast. If you are not sure of the answer, what will you do? 
[Make a smart and fast guess.] Yes, make a smart guess as fast as you can.” 
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Airplane Game. Underscore the need for mental arithmetic. 
1. Launch the computer program for the Airplane Game. As the game cycles through its 
initial phase (a plane flying toward its mission), explain: “Our third ‘think smart & fast 
game’ is the ‘airplane game.’ We are going to pretend you are flying an airplane on an 
important mission. In order to fly the plane, you will need to hold the steering wheel tight 
with both hands at all times during your mission.” (Finger counting or object counting is 
not allowed on the pre and posttest). Say, “Your success flying the plane safely and 
accomplishing your mission is determined by answering addition problems accurately 
and quickly. If you know the answer, tell me as fast as you can. If you are not sure of the 
answer, make a smart guess as fast as you can. Ready?” 
2.   Press the Enter key to queue the first problem. A blank rectangle will appear in the 
middle of the screen. Say, “Look here; this is where the addition problem will appear. 
When the problem appears, think smart. If you know the answer, what will you do? 
[Answer Fast] Yes, answer fast! If you are not sure of the answer, what will you do? 
[Make a smart guess] Yes, make a smart guess as fast as you can.”   
Implementing the Computer-Based Testing 
1. Make sure the child is ready and press the Start Timer on the touchpad screen key to 
queue the first problem. 
2. Keep finger poised over the Stop Timer key. AS soon as the child responds press the 
Stop Timer key to stop the timer.  
Note. If a child changes his/her answer or you incorrectly stopped the timer, hit the Stop 
Timer again.  
3. Hit the Continue key on the touchpad screen to bring up the strategy list.  
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a) Enter the child’s strategy. 
b) After entering the strategy, a number pad will appear on the touchpad screen. 
Enter the child’s response.  
Note. To indicate more than one response (a spontaneous correction, range of 
estimates, several wild guesses), enter a response, then hit the period  .  key and 
enter the next response, and so forth. 
c) Hit the Continue key on the touchpad screen to enter the data.  
4. Make sure the child is ready and hit Reveal Problem key to queue the next problem.  
5. IF needed, note comments on a hard copy of the score sheet during the testing session 
and enter comments into the computer AFTER the testing session. Comments may be 
needed if 
a) You accidentally hit the Stop Timer key early;  
b) You suspect a response bias;  
c) The child was distracted or there is some other reason to believe the test did not 
accurately assess a child’s knowledge;  
d) To explain an irrelevant response;  
e) To detail a child’s unknown strategy; 
f) The child responded in a unique or a particularly interesting manner; 
g) After responding or after 15 seconds of not responding, the child calculates to 
check/determine his/her answer. 
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Table B.1 
Experimental Mental-Arithmetic (Stages III to V) by Condition 
Stage/ 
Set 
Computer 
Gamea 
Structured 
Subtraction as addition 
Control 
(Structured use-a-ten) 
Unstructured 
Subtraction (and 
add-with-8 or -9) 
practice 
III / 
A 
Castle Wall 
(feedback on 
horizontal # 
line) 
Solve addition item such as 
3+9; usually followed by 
solving a related subtraction 
item 12–9.  
Solve 10+n/n+10 item 
such as 7+10; usually 
followed by a related 
8+n/n+8 or 9+n/n+9 
such as 7+8 or 7+9. 
Subtraction items 
such as 12–9 and 
8+n/n+8 or 
9+n/n+9 solved in 
haphazard order. 
Train Game 
(feedback on 
vertical # line) 
III / 
B 
Does It Help? 
(Possible 
helper and 
target items 
presented 
successively) 
Solve an addition item such 
as 2+5 (or 5+7); then asked if 
it helps solve a subtraction 
item such as 7–5 (yes for 2+5 
and no for 5+7). 
Solve a 10+n/n+10 
item such as 6+10; 
then asked if it helps 
solve 8+n/n+8 or 
9+n/n+9 such as 6+9 
(yes) or 7+9 (no). 
Solve one item and 
asked if a second 
had the same 
answer—e.g., 11–6 
& 9–5 (no), 8+7 & 
7+8 or 12–9 & 10–
7 (yes). 
Wall Help?  
(All possible 
helper items 
presented first 
block; all target 
items, 
presented in a 
second block) 
Addition items such as 4+5 
and 5+7 solved first and sums 
arranged sequentially as part 
of a wall. Subtraction items 
such as 9–5 presented; child 
asked which sum in the wall 
helps. 
A block of 10+n/n+10 
items is solved first 
and sums arranged 
sequentially as part of 
a wall. 8+n/n+8 or 
9+n/n+9 items such as 
presented; child asked 
which sum in the wall 
helps. 
A block of items is 
solved in haphazard 
order first and sums 
arranged 
sequentially as part 
of a wall. Child 
asked if item in the 
wall helps (has the 
same answer as) an 
item from second 
block. 
IV / 
A 
Timed 
Monkey? 
(Possible 
helper and 
target items 
presented 
successively) 
Monkey starts at branch 0 
and, for 7+6, e.g., swings to 
branch 7, asked to what 
branch monkey will be if 
swings 6 more. Related 
subtraction follows: If at 13, 
where will monkey be if 
swings back 6. 
Mocha Monkey 
swings 7 branches and 
then 10 more, where 
will she land? Cocoa 
Monkey swings 7 
branches and then 9 
(or 8) more, where 
will she land? 
Mocha Monkey 
swings 7 branches 
and then 9 more, 
where will she 
land? Cocoa 
Monkey swings 9 
branches and then 9 
more, where will 
she land? 
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Table B.1 (Contd.) 
Stage/ 
Set 
Computer 
Gamea 
Structured 
Subtraction as addition 
Control 
(Structured use-a-ten) 
Unstructured 
Subtraction (and 
add-with-8 or -9) 
practice 
IV / 
A 
Clocked Choice 
(timed version 
of Does It 
Help?) 
After determining sum (e.g., 
4+7= 11), asked if, helps 
answer 11–7, 10–7, 11–6, or 
None. Feedback indicated 
that both 4+7 and 11–7 have 
the same whole 11 and same 
part 7 or that an incorrect 
choice did not. Then asked to 
answer the subtraction item. 
Feedback high-lighted 
parallel part-whole  aspects.  
Solved a 10+n/n+10 
item such as 10+7 and 
provided feedback. Then 
asked what which 
8+n/n+8 or 9+n/n+9 was 
1 (or 2) smaller than the 
10+n/n+10 item (e.g., 
The answer to which 
problem below 1 smaller 
thatn10+7=17: 7+8, 7+9, 
9+9, or None?)  
Solve one item 
and asked which 
of three choices 
(or none) had the 
same answer. 
IV / 
B 
Lost Puppies Asked if a puppy with a dog 
tag consisting of an addition 
item was such as 2+5 
belonged to part-part family 
(one part 2; other part 5). 
Determined sum; feedback 
indicated that 7 was correct 
because the whole 7 has parts 
2 and 5. 
Asked if a subtraction item 
such as 7–5 belongs to the 
same family with a part of 2 
and part of 7. After feedback, 
child solved for difference. 
Asked if a puppy with a 
dog tag consisting of a 
10+n/n+10 item such as 
7+10 belonged to the 16 
family. Feedback for a 
correct answer of “No” 
indicated that it was not 
the lost puppy and 
congratulated the child 
for not taking someone 
else’s puppy. Then 
asked to indicate the 
sum of 7+10. The same 
procedure was followed 
for 7+9. 
Asked if a puppy 
with a dog tag 
consisting of an 
addition or a 
subtraction item 
had a particular 
answer 
Timed Train Same as Train Game, except with a clock and increasingly restrictive time 
limits. 
V / 
A 
Dirt Bike  Block of practiced addition 
items and then block of 
practiced subtraction items 
solved. 
Block of practiced 
10+n/n+10 items and 
then block of practiced 
8+n/n+8 or 9+n/n+9  
items solved. 
Practiced 
addition and 
subtraction items 
practiced in 
haphazard order. 
Long Jump  Practiced addition and 
subtraction items practiced in 
haphazard order. 
Practiced 10+n/n+10, 
8+n/n+8, and 9+n/n+9 
items practiced in 
haphazard order. 
Practiced 
addition and 
subtraction items 
practiced in 
haphazard order. 
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Table B.1 (Contd.) 
Stag
e/ 
Set 
Computer 
Gamea 
Structured 
Subtraction as addition 
Control 
(Structured use-a-ten) 
Unstructured 
Subtraction (and 
add-with-8 or -9) 
practice 
V / 
B 
Puppy Choice Practiced addition and 
subtraction items practiced in 
haphazard order. 
Practiced 10+n/n+10, 
8+n/n+8, and 9+n/n+9 
items practiced in 
haphazard order. 
Practiced 
addition and 
subtraction items 
practiced in 
haphazard order. 
Treasure Hunt 
Car Race or  
Fire truck 
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Screenshots 
Figure B.1 Example of mental-addition testing game (Race Car) 
 
 
 
 
a.  Prior to testing, a child was given the 
opportunity to choose a racecar. The tester also 
chose a car. The game provided a pretext for 
holding on to a steering wheel, which was 
intended to eliminate—or at least suppress—
finger counting. 
 b. The computer highlighted the child’s racecar. 
After the testing instructions were given, the 
tester pressed the ENTER key to start the race. 
The racecars sped across the starting line, and—
after a moment—the screen faded to black. 
   
 
 
 
   
c.  During the testing, a blank block appeared to 
provide a focus for the child’s attention. When the 
child was ready, the tester keyed in ENTER on the 
number pad to initiate a trial and to start the 
computer’s internal stopwatch. 
d. The trial was presented. As soon as the child 
responded, the tester (who had his/her finger 
posed on the ENTER key) depressed the key to 
stop the internal stopwatch. 
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Figure B.1 (Contd.)  
 
 
 
e. The child’s RT was displayed in the upper left-
hand corner, and the screen prompted: Use the 
NUMBER PAD to enter the response. The RT is 
recorded and filed electronically by the computer 
and, as a backup, manually by the tester. 
 f. Using the number pad, the tester then entered the 
child’s response and hit ENTER to record the 
answer electronically. Note that the entered 
response appeared on the screen in the upper 
right-hand corner. The tester also recorded the 
response manually, as a backup, and any relevant 
information (e.g., the child responded before 
seeing the trial displayed on the screen, counted 
objects, finger counting, verbal counting, 
reasoning strategy, such the number after 7 is 8 
or 4 and 4 is 8 and 1 more 9). The tester hit the 
ENTER key to initiate the next trial. 
   
 
 
 
g. After the testing, the race picked up where it 
left off and continued for about 15 s. 
h. Where the child’s car finished was determined 
by the quality of his/her responses. 
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APPENDIX C: Binomial Exact Test 
Table C.1 
Binomial test results for response time < 1.0 
Strategy Combination Family Category N Observed 
Prop. 
Test Prop. Exact Sig. 
(1-tailed) 
Automatic M ResponseTime Group 1 <= .999 0 .000 .001 .770a 
Group 2 > .999 261 1.000   
Total  261 1.000   
S ResponseTime Group 1 <= .999 0 .000 .001 .813a 
Group 2 > .999 207 1.000   
Total  207 1.000   
Counting M ResponseTime Group 1 <= .999 0 .000 .001 .981a 
Group 2 > .999 19 1.000   
Total  19 1.000   
S ResponseTime Group 1 <= .999 0 .000 .001 .993a 
Group 2 > .999 7 1.000   
Total  7 1.000   
Other M ResponseTime Group 1 <= .999 0 .000 .001 .725a 
Group 2 > .999 322 1.000   
Total  322 1.000   
S ResponseTime Group 1 <= .999 0 .000 .001 .807a 
Group 2 > .999 214 1.000   
Total  214 1.000   
Reasoning M ResponseTime Group 1 <= .999 0 .000 .001 .891a 
Group 2 > .999 115 1.000   
Total  115 1.000   
S ResponseTime Group 1 <= .999 0 .000 .001 .956a 
Group 2 > .999 45 1.000   
Total  45 1.000   
Note. M = Addition Trials, S = Subtraction Trials  
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Table C.2 
Binomial test results for response time < 1.5 
Strategy Combination Family Category N Observed 
Prop. 
Test Prop. Exact Sig. 
(1-tailed) 
Automatic M ResponseTime Group 1 <= 1.499 17 .065 .001 .000 
Group 2 > 1.499 244 .935   
Total  261 1.000   
S ResponseTime Group 1 <= 1.499 16 .077 .001 .000 
Group 2 > 1.499 191 .923   
Total  207 1.000   
Counting M ResponseTime Group 1 <= 1.499 0 .000 .001 .981a 
Group 2 > 1.499 19 1.000   
Total  19 1.000   
S ResponseTime Group 1 <= 1.499 0 .000 .001 .993a 
Group 2 > 1.499 7 1.000   
Total  7 1.000   
Other M ResponseTime Group 1 <= 1.499 0 .000 .001 .725a 
Group 2 > 1.499 322 1.000   
Total  322 1.000   
S ResponseTime Group 1 <= 1.499 0 .000 .001 .807a 
Group 2 > 1.499 214 1.000   
Total  214 1.000   
Reasoning M ResponseTime Group 1 <= 1.499 0 .000 .001 .891a 
Group 2 > 1.499 115 1.000   
Total  115 1.000   
S ResponseTime Group 1 <= 1.499 1 .022 .001 .044 
Group 2 > 1.499 44 .978   
Total  45 1.000   
Note. M = Addition Trials, S = Subtraction Trials 
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Table C.3 
Binomial test results for response time < 2.0 
Strategy Combination Family Category N Observed 
Prop. 
Test Prop. Exact Sig. 
(1-tailed) 
Automatic M ResponseTime Group 1 <= 1.999 92 .352 .001 .000 
Group 2 > 1.999 169 .648   
Total  261 1.000   
S ResponseTime Group 1 <= 1.999 75 .362 .001 .000 
Group 2 > 1.999 132 .638   
Total  207 1.000   
Counting M ResponseTime Group 1 <= 1.999 0 .000 .001 .981a 
Group 2 > 1.999 19 1.000   
Total  19 1.000   
S ResponseTime Group 1 <= 1.999 0 .000 .001 .993a 
Group 2 > 1.999 7 1.000   
Total  7 1.000   
Other M ResponseTime Group 1 <= 1.999 0 .000 .001 .725a 
Group 2 > 1.999 322 1.000   
Total  322 1.000   
S ResponseTime Group 1 <= 1.999 0 .000 .001 .807a 
Group 2 > 1.999 214 1.000   
Total  214 1.000   
Reasoning M ResponseTime Group 1 <= 1.999 1 .009 .001 .109 
Group 2 > 1.999 114 .991   
Total  115 1.000   
S ResponseTime Group 1 <= 1.999 6 .133 .001 .000 
Group 2 > 1.999 39 .867   
Total  45 1.000   
Note. M = Addition Trials, S = Subtraction Trials 
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Table C.4 
Binomial test results for response time < 2.5 
Strategy Combination Family Category N Observed 
Prop. 
Test Prop. Exact Sig. 
(1-tailed) 
Automatic M ResponseTime Group 1 <= 2.499 163 .625 .001 .000 
Group 2 > 2.499 98 .375   
Total  261 1.000   
S ResponseTime Group 1 <= 2.499 147 .710 .001 .000 
Group 2 > 2.499 60 .290   
Total  207 1.000   
Counting M ResponseTime Group 1 <= 2.499 0 .000 .001 .981a 
Group 2 > 2.499 19 1.000   
Total  19 1.000   
S ResponseTime Group 1 <= 2.499 0 .000 .001 .993a 
Group 2 > 2.499 7 1.000   
Total  7 1.000   
Other M ResponseTime Group 1 <= 2.499 0 .000 .001 .725a 
Group 2 > 2.499 322 1.000   
Total  322 1.000   
S ResponseTime Group 1 <= 2.499 0 .000 .001 .807a 
Group 2 > 2.499 214 1.000   
Total  214 1.000   
Reasoning M ResponseTime Group 1 <= 2.499 2 .017 .001 .006 
Group 2 > 2.499 113 .983   
Total  115 1.000   
S ResponseTime Group 1 <= 2.499 10 .222 .001 .000 
Group 2 > 2.499 35 .778   
Total  45 1.000   
Note. M = Addition Trials, S = Subtraction Trials 
 
 
